
To i l lus t ra te  the above the dimensionless  t empera tu re  0 is shown against  the dimensionless t ime Fo 
with pa ramete r s ,  namely,  the value of the relaxat ion function H 0 of the internal energy at a current  instant, 
and the dimensionless relaxat ion t ime Fo i. In the c lass ica l  heat-conduction theory  one has H 0 = 1 and Fot = 0. 
There fo re ,  as seen f rom Fig.  1, when H 0 is suitably high, say,  H 0 = 0.95, a change in Fot has a slight effect 
on the resu l t s .  Similarly,  for Fot - -  0 a var ia t ion in the pa ramete r  H 0 has no noticeable effect on the non- 
s ta t ionary  t empe ra tu r e s .  However, for smal l  values of H 0 and large Fo i there  is a considerable effect of the 
fading memory .  This is c lear  f rom the d iag ram for H 0 = 0.1 and Fo I = 100. 

NOTATION 

T, t empera tu re ;  To, equilibrium tempera tu re ;  Tf, t empera tu re  of the surrounding medium; M, point 
of volume; N, point of surface;  s ,  integrat ion variable;  p, Laplace variable;  h(s), relaxation function of 
internal  energy; X(s), relaxat ion function of heat flow; ~,  heat-exchange coefficient;  v, t ime;  Fo, dimen-  
s ionless  t ime;  FOs, dimensionless integration var iable;  H0, the value of dimensionless  relaxat ion function 
of internal energy at cur rent  t ime;  H(s), dimensionless  relaxat ion function of internal  energy; 0, dimension-  
less t empera tu re ;  Fol, dimensionless  relaxat ion t ime of internal  energy; Of, dimensionless t empera tu re  of 
the medium. 
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N O N S T A T I O N A R Y  F I L T R A T I O N  O F  A T H R E E - P H A S E  

M I X T U R E  T A K I N G  A C C O U N T  O F  G R A V I T A T I O N  

L .  F .  Y u k h n o  UDC 518:517.9:532 

A method of solution and resul ts  of calculations a re  presented for the problem of displacement 
of gasified petroleum by water in an inclined stratum. 

The process  of displacement  of gasified petroleum by water  in an inclined s t ra tum which is assumed 
homogeneous is examined in this paper;  the physical  proper t ies  of the fluids and col lector  a re  considered 
known. It is also kept in mind that the process  is i so thermal  and that thermodynamic  equilibrium is built up 
instantaneous ly between coexisting phas es.  We neglect the influence of capi l lary forces .  

Under the assumptions mentioned, the process  of one-dimensional  nonstationary fi l tration of a t h r ee -  
phase mixture ( w a t e r - - p e t r o l e u m - - g a s )  is descr ibed by a nonlinear sys tem of second-orde r  part ial  differen-  
t ia l  equations (see [1]), which is wri t ten as follows in dimensionless  fo rm:  

o.,,~ + <,,,).+ r,_ < ' -o<-  + 1... 
~ +<'p)l = o ( ,_<,<_o-w). <,, 

ox pppp ~ - - ~  ,, pp 

ox t ~,N t P w I 

Computation Center,  Academy of Sciences of the USSR, Moscow. Transla ted  f rom Inzhenerno-F iz iches -  
kii Zhurnal,  Vol. 31, No. 2, pp. 355-362, August, 1976. Original a r t ic le  submitted May 26, 1975. 

This material is protected by copyright registered in the name of Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No part 
of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, 
microfilming, recording or otherwise, without written permission of the publisher. A copy of this article is available from the publisher for $Z50. 

981 



! 

Fig.  1 ,  D i a g r a m  of working the  s t r a -  
tum.  

The  following a r e  se lec ted  as the c h a r a c t e r i s t i c  values to which the d imens iona l  quantities a r e  r e f e r r e d :  
Ps, k, /Zps, #ws, t~gs, Tgs ,  L, andthe  cha r ac t e r i s t i c  t i m e r *  =mppsL2 /~ :ps ) .  The quantities ap,  ag,  aw 
have the f o r m  ap  = y p L  s in  ~ / P s ,  ag  = 7 g s L  s in  ~ / P s ,  aw = YwL sin ~ / P s -  These  a r e  d imens ion less  p a r a m -  
e ters  which c h a r a c t e r i z e  the influence of gravi ta t ion .  Here  p 
des i r ed  functions,  while kp, kg, kw a r e  given functions of the 
a r e  given functions of the p r e s s u r e  po 

The  numer i ca l  solut ion of f i l t ra t ion  p rob lems  desc r ibed  

=p(x ,  t) ,  ag =~g(X, t),  ~w = Zw(X, t) a r e  the 
sa tu ra t ion  of gg and ~w, and Sp, tip, /Jg, #p, Tg 

by a s y s t e m  of equations of the t y p e  (1) has been  
considered in [2, 3], for  example .  A numer i ca l  method based On the t r a n s f o r m a t i o n  of (1) proposed in [4] and 
yielding a saving in machine  t i m e  is proposed for  the  solut ion of the  prob lem posed i n t h i s  paper .  Conse-  
quently, changes in the cha r ac t e r i s t i c s  of the p rocess  in both the t i m e  and in the leagth of the s t r a t u m  have 
been obtained. 

Let us cons ider  the p rocess  of working a thin inclined l inear  s t r a t u m  of length i in the mixed mode of 
displacing gasif ied pe t ro l eum by wa te r  under contour flooding conditions while maintaining a cons t rant  drop  
between the p r e s s u r e  and ut i l izat ion ga l l e r i e s  (Fig_. 1). 

P r io r  to  the beginning of ut i l izat ion the p r e s s u r e  in the s t r a t u m  was dis t r ibuted only under the influence 
of grav i ta t iona l  f o r c e s .  The  mix tu re  consis ted of two phases ,  wa te r  (domain I in Fig.  1) and pe t ro leum (do- 
ma in  1I in Fig.  1). The  sa tu ra t ion  of the phases  in domains  I and II is constant ,  while t h e r e  is a jump in s a tu -  
ra t ion  on the i r  in te r face .  At the  beginning of ut i l izat ion the p r e s s u r e  in the ut i l izat ion ga t l e ry  is instantly r e -  
duced to  the g iven p r e s s u r e  and is then kept constant .  The  p r e s s u r e  at which pumping of the water  occurs  is 
a l so  constant .  The  p r e s s u r e  in the s t r a t u m  will d rop  upon sampl ing  the mix ture .  This r e su l t s  in degas i f i ca -  
l ion  of the pe t ro leum in domain  II and the appea rance  of a gas phase .  A mixed mode of t h r e e - p h a s e  mixture  
f i l t ra t ion a r i s e s .  This  p roces s  is descr ibed  by  the  s y s t e m  (1) under the following initial  and boundary condi-  
lions 

p(x, o )=  / 1 + a p l p + a ~ ( t w - x ) '  ~  
1+ ap (z --  x), tw~.X ~ t, 

%(x, o ) = o ,  O~<x~t ,  (2) 

~w(X, O) = / 0"85' 0 ~ x ~ I w, 
/0.2, l w ~ x ~ t ,  

p(0, t ) =  l+ap/p-+-aw/w gg(0, l ) = 0 ,  (3) 

c~w(O, t) = 0.85, p (l, t) = pc (consi). 

Let us introduce notation for  the des i red  functions : u = r v = ~w o Let us wr i te  the s y s t e m  (1) in the 
ma t r i x  f o r m  

where  

,ac (y) a ( A (y) ap ) at ax ., ~ +B(y)  , (4) 

y ~---(p, U, V), C = ( C l ,  Cz, Ca) , A = ( a l ,  a2, as), B =  (ha, b2, ba) , 

( l - - u - - v ) s p  _~ u 1 - - u - - v  v 

Pp Pg ~p P. 
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tion. 

Let  us p e r f o r m  t h e  t r a n s f o r m a t i o n  of t h e  s y s t e m  (4) t o  a n  equ iva len t  f o r m  a s  p r o p o s e d  in [4]. 

We  a s s u m e  tha t  t he  J a e o b i a n  J = 3 (ci, c2, %) /0  (p, u, v) does  not v a n i s h  in t h e  d o m a i n  under  c o n s i d e r a -  
T h e n  Q = Ilqi]ll = (3C/~y) -~ e x i s t s .  We r e p r e s e n t  t h e  lef t  s i d e  of t he  s y s t e m  (4) in  t he  f o r m  

OC (y) OC Oy 
at Oy at 

Mul t ip ly ing  both  s i d e s  of th i s  s y s t e m  by the  m a t r i x  Q, we ob ta in  

OYot OxO " ( OP ) =c2  _-=--  A + B . 
Ox 

W e  c o n s i d e r  the  f i r s t  equa t ion  of th i s  s y s t e m  as  an  equa t ion  for  p, n a m e l y ,  
3 

--  ql~ - ~ x  a J - ~ x  + b j  . Ot ]=1 
(5) 

We obtain t he  equat ions  for  u and v as  f o l l o w s .  We r e w r i t e  t he  s y s t e m  (4) a s  

OC = A 02p -~ OA Op ~_ OB (6) 
Ot Ox ~ Ox Ox Ox 

By e l i m i n a t i n g  32p/0x 2 two independen t  equa t ions  which  c o m p r i s e  t h e  d e s i r e d  s y s t e m  for  u and v m u s t  be  o b -  
t a i n e d  f r o m  the  t h r e e  equat ions  in t he  s y s t e m  (6). Let  us note  tha t  t he  funct ions  kp, kg, kw a r e  such  tha t  they ,  
and t h e r e f o r e  a l s o  t he  coe f f i c i en t s  aj ,  bj ,  v a n i s h  at  s o m e  p o r t i o n s  of t he  s e g m e n t  0 -< x -< l .  Hence ,  it  is i m -  
p o s s i b l e  to  e l i m i n a t e  32p/0x 2 f r o m  the  two r e m a i n i n g  equat ions  by  us ing  any one equa t ion  of t h e  s y s t e m  (6) in 
t h e  whole  s e g m e n t  0 <- x -< l ,  s i n c e  a d e g e n e r a t e  s y s t e m  of equa t ions  wi l l  be  ob ta ined  b e c a u s e  of s u c h  an  e l i m i -  
na t ion .  We p r o c e e d  as  f o l l o w s .  Noting tha t  a 1 + a 2 + a 3 > 0 e v e r y w h e r e  for  0 -< x -< I ,  we c o n s i d e r  a l i n e a r  
c o m b i n a t i o n  of Eqs .  (6) which  wi l l  be  the  s u m  of t h e s e  e qua t i ons .  We e l i m i n a t e  a2p/Ox 2 f r o m  a l l  t he  equat ions  
of t he  s y s t e m  (6) by us ing  th i s  l i n e a r  co rnb ina t ion .  I t  c an  be  shown tha t  any two equat ions  hence, ob ta ined  wi l l  
b e  l i n e a r l y  independen t  and t h e r e f o r e  can  be  c o n s i d e r e d  as  a s y s t e m  of equat ions  in u and v.  Hence ,  by  t r a n s -  
f o r ming  the  f i r s t  two equat ions  of (6), for  e x a m p l e ,  in s u c h  a m a n n e r ,  we ob ta in  t he  fo l lowing s y s t e m  for  u 

0 (c 2 -@ ca) Oc I [ 0 (a.~ + a.~) Oa~ 3 0 p  0 (b 2 -~ b3) Ob~ 
' 

% O (clot + c~) (al + %) T 0c2 [ a2 0 (a xOx + a3) (a~ + %) - O x J ~ x  Oa2 } Op +a2 __0 (blox + b~) - - ( a l + a , )  oxOb2 

and v :  

(7) 

T h u s ,  we have  gone  f r o m  the  s y s t e m  (4) to  i ts  equ iva len t  s y s t e m  (5) and (7). Let  us c o n s i d e r  a d i f f e r e n c e  
a p p r o x i m a t i o n  of t he  p r o b l e m  (5), (7), (2), (3). Let  h and r be  t h e  s p a c i n g s  in  x and t :  

p~*=p (xl, t~), u] = u (x~, t~), v ~ =  v (xi, t~), 

x~=ih ,  i = 0 ,  1, . . . ,  N, X N = l  , t ,~=nT, n = O ,  1 . . . .  , 

a~1,i = a.~ (p~," u~, v h~), b~"1~ = b~ (p?, uT, vT), 

c'~"l,~ = c~ ('p~. , u~ n, oin), q?i -- qzi (P?, u7, v~), 

] = 1 , 2 , 3 .  

Let  us a p p r o x i m a t e  (5) by the  fo l lowing  s c h e m e :  

3 
p T + l - p  n 1 ~ ,, [ pn+l p.n+l - -  pn=ll i , i+ l  j,i-i ] qli.~ a/,i+u2 ~+1 - -  p~+l ' b ~ _ b n t _ _  _ _  n n , 

"~ h i= h ai'~-112 h -~ 2 

Here  a i ~ l / 2  = 1/2(a i + a i ~ l ) .  

F r o m  the  b o u n d a r y  cond i t ions  we have  

p~+~ = 1 + aplp + ~g~ pTv+' = pc. 

T h e  o r d e r  of t he  a p p r o x i m a t i o n  of t he  s c h e m e  (8) and (9) is  O(r + 52). 

A f a c t o r i z a t i o n  method  is used  to  s o l v e  t he  s y s t e m  (8) and (9). As is  known (see  [5], for  e x a m p l e ) ,  
c o m p l i a n c e  wi th  the  cond i t i on  

, ~ = 1 ,  2 . . . . .  N - - 1 .  (8) 

(9) 
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o ~/ N ~s g* >: 

F i g .  2. D i s t r i b u t i o n  of p (upper s e r i e s  of c u r v e s ) ,  ~g 
( lower) ,  and ew (middle)  a long  t h e  length  of an  inc l ined  
s t r a t u m  (a) and for  a h o r i z o n t a l  s t r a t u m  {b); n u m b e r s  
on the  c u r v e s  s ign i fy  t h e  va lue s  of t .  

3 

/=1 

e v e r y w h e r e  fo r  0 - x -< I is  s u f f i c i e n t  fo r  s t a b i l i t y  of t h i s  me thod .  As can  be  v e r i f i e d ,  t h i s  cond i t i on  holds 
fo r  t h e  p r o b l e m  u n d e r  c o n s i d e r a t i o n .  

Now let  us t u r n  to  t h e  s y s t e m  (7) by  c o n s i d e r i n g  it r e l a t i v e  to  u and v.  I t  c an  be  s e e n  by  d i r e c t  s u b s t i -  
t u t i o n  tha t  i t  is  h y p e r b o l i c  and tha t  bo th  f a m i l i e s  of c h a r a c t e r i s t i c  d i r e c t i o n s  of th i s  s y s t e m  have  a s l o p e  to  
t h e  r i g h t  s o  t ha t  t h e  d e r i v a t i v e s  wi th  r e s p e c t  to  x should  b e  r e p l a c e d  by lef t  d i f f e r e n c e s  (see  [6]) in  o r d e r  to  
ob ta in  a s t a b l e  s c h e m e .  A c c o r d i n g  to  t h e  a b o v e ,  we c o n s i d e r  t he  fo l lowing  i m p l i c i t  d i f f e r e n c e  s c h e m e  fo r  (7) 
(for b r e v i t y ,  we omi t  t h e  s u p e r s c r i p t  n + 1 for  e x a m p l e ,  a ] ,  i deno te s  a n + l ) :  

' j,l 

a l , i  ,~ - -  (a2, i + a~,i)  ,~ - -  

= [ a l ,  ~ a~,~ + a s , ' - -  a', '-~ - - a s , ' - I  a t , ~ - -  ax,,_l ] 
h (a2,i § a3,i) h • 

Pt - -  P~-I b~,i + bs, i - -  b~,i_l - -  b3,~_1 bl,~ - -  b1,~_1 

• h + ax,~ h - -  (a2'i  + a~,~), h " ' ( 1 0 )  
_ _  C n " _ _  C n - - .  C n Cl'~ "~ C3,i l,t: 3d C2,1 2,t~ 

a2,, , - -  (al,i + a~,i) ~ - -  

al,i + a~,i - -  a1,~_1-- a3,i_l a2,~ - -  a~,~_l ] 
= a~,~ h (al'~ + a3'i) h -j x 
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P l -  Pi-1 bl,, -~ b3,~- b1,~_1- b~,i_l 
X h ~ a~'i h - -  

b2'i--b2'~-i , i =  1,  2 ,  . . . ,  N .  
- -  (a~,~ + a3,3 h 

F r o m  the  boundary  condit ions we obtain 

u~+~ = O, v~+' = 0.85. (11) 

The  value of Pi ca lcu la ted  in the  p rob lem (8) and (9) for  the  (n + 1)- th  l ayer  is used as Pi in (10). 

The  nonl inear  s y s t e m  of equations (10) and (11) was solved as fo l lows.  F o r  each  fixed i, s t a r t ing  with 
n + l ,  i = 1 to  i = N, Eqs .  (10) w e r e  cons ide red  as a s y s t e m  of nonl inear  equations in u n + l ,  v i whose  so lu t ion  

was found by i t e ra t ions  by the  Newton method .  The  values u n + l  n u~, v n + l  n + n i - I  --  ui-1 + i-1 --  vi_ t v i w e r e  t aken  as 
good ini t ial  approx ima t ions  ~ 

The  d i f f e r ence  method cons ide red  yie lded good r e s u l t s .  On the  a v e r a g e ,  2-3 i te ra t ions  by the  Newton 
method a s s u r e d  suff ic ient  a c c u r a c y .  

The  diff icul ty a r i s i n g  in this  p rob l e m  should be noted,  which is tha t  the  functions Sp, ~p, ~p a r e  such  
tha t  they  b e c o m e  cons tants  at  a p r e s s u r e  g r e a t e r  than  the  s a t u r a t i o n  p r e s s u r e .  This  means  that  the  Jacob lan  
J van i shes  for  p > 1, which  compl ica te s  the  appl ica t ion  of the  method d e s c r i b e d .  Hence,  a m a t r i x  adjoint  to  
the  m a t r i x  0C/3y  (i. e. ,  c o m p r i s e d  of c o m p l e m e n t s  to  the  e lements  of the  la t ter)  was t aken  as Q i n t h e  ac tua l  
computa t ion ,  and the  equat ion 

3 0 
J OP ~ E q" o-x ( a~ OP ~ bJ Ox 

i=l 
was cons ide red  in p lace  of (5). 

Let us p re sen t  an  example  of the  computa t ion .  The  computa t ion  was p e r f o r m e d  for  a s t r a t u m  with the  
fol lowing p a r a m e t e r s :  L = 500 m, Ip  = 0.4, iw = 0.1, m = 0.2, k = 0.2d, Ps = 140 k g / c m  2, Pc = 0.5. The  
r e l a t i v e  phase  pe rmeab i l i t i e s  w e r e  d e t e r m i n e d  by the  re la t ionsh ips  (see [7]) 

kp = I(  0 ' 85 - -  % - -  aw) 2s (1 + 2"4~w-~ 16"5%~w)' % + ~w~ 0 " 8 5 ' , ,  0.85 

t 0, 0 , 8 5 ~ g +  % ~  I, 

01<%<i, 
k g = ~ \  o.9 , 

( 0, 0 ~ a g ~ 0 . 1 ,  

0.2 ~%~.~  1, 
kg = 0.8 , ' 

O, 0 ~ ~w~ 0.2. 

The  v i s cos i t i e s  of the  phases  and the i r  spec i f i c  g rav i t i e s  w e r e  cons ide red  equal ~Ds = 1.6 ep, t~gs = 0.01 cp,  
/~ws = l c p ,  # g = l ,  #w = 1 ,  y p =  0 .85 -10  -3 k g / c m  3, Tw = 1 . 2 " 1 0  -3 k g / c m  3, 7gs  ~ : 0 . 2 8 . 1 0  -3 k g / c m  3. 

The  p r e s s u r e  dependences  of the  phys ica l  p rope r t i e s  of the pe t ro l eum and gas w e r e  exp re s sed  by the fo l -  
lowing f o r m u l a s  (see [1]) : 

66p-}-10.297, O . 2 1 4 ~ p ~ l ,  Sp (p) = 

76.297, p ~ l, 
1 .5--0.5p,  0 . 2 1 4 ~ p ~ I ,  

btP(P)= 1, p ~ l ,  

= /  0.177p-}- 1.027, 0 . 2 1 4 ~ p ~ 1 ,  
~vtP) [ 1,204, p >~ 1, 

[3g(p) = 0.007/p, "~g(p) = p, [?~w= 1. 

F o r  t h e s e  values  of the  p a r a m e t e r s  132 days c o r r e s p o n d  to  the  unit of d imens ion l e s s  t i m e .  

The  r e su l t s  of computa t ions  a r e  p re sen ted  in Fig .  2a and b .  Shown is the  p r e s s u r e  and s a t u r a t i o n  d i s -  
t r ibu t ions  a long the  s t r a t u m  at d i f fe ren t  t imes  t ,  whe re  F ig .  2a c o r r e s p o n d s  to  an  incl ined s t r a t u m  (a = 30~ 
and F ig .  2b to  a ho r i zon ta l  s t r a t u m  (c~ = 0~ 

985 



T h e  resu l t s  obtained cor respond  to  exist ing concept ions .  The f o r m  of the p r e s s u r e  d is t r ibut ion curves  
for  di f ferent  t imes  is due to the  p r o c e s s e s  of pe t ro leum degasif icat ion,  and pe t ro leum and gas d i sp lacement  
by wate r ,  and a lso  by the compres s ib i l i t y  of the gas .  The  shape of the ~g d is t r ibut ion  curves  re f lec t s  the 
init ial  growth of eg because  of degas i f ica t ion  of the pe t ro leum and broadening of the moving gas  domain, and 
then  the diminution in ag to the c r i t i ca l  value at which it is immobi le .  TMs occurs  because  the mobile  gas 
is d isplaced by the wa te r  be ing  introduced into the  s t r a t u m .  The  d i f fe rence  between the  ag curves  in Fig.  2a 
and b for  the s a m e  values of t is explained by the fact that  the gas being s epa ra t ed  out of the  pe t ro leum under 
the  effect  of g rav i ta t iona l  fo rces  in an inclined s t r a t u m  will m ig ra t e  upward into t he  ut i l izat ion ga l l e ry .  Hence, 
for  example ,  for  t = 0.3, 0.5 and 0.76 the mobi le  gas zone in the s t r a t u m  and the value of ~g in this zone a r e  
somewhat  less for  an inclined s t r a t u m  than for  a hor izontal  s t r a t u m .  

NOTATION 

kp, kg, kw, r e l a t ive  phase  pe rmeab i l i t i e s  for pe t ro leum,  gas ,  and wa te r ,  r e spec t ive ly ;  p, p r e s s u r e ;  
Ps, sa tu ra t ion  p r e s s u r e ;  ~g, a w, gas and water  sa tura t ion;  pp, ~g, #w, phase  v i scos i t i e s ;  ~ps, #gs, Pws, 
phase  v i scos i t i es  at p = Ps; Pi = P p s / ~ w s ,  P2 = # p s / ~ g s ;  ~p, fig, /~w, volume phase  coeff ic ients ;  Sp, gas 
solubil i ty in pe t ro leum;  7p, 7g,  7w, phase  speci f ic  g rav i t i e s ;  7gs ,  gas speci f ic  g rav i ty  at p = Ps; k, abso -  
lute pe rmeab i l i ty  of the medium;  m,  poros i ty ;  t ,  t ime ;  x, space  coordinate;  L, length of the s t r a t um;  ~,  
angle of inclination of the s t r a t u m  to  the horizon.  
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